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Introduction

Relationship between elements of sets 1s
represented using a mathematical structure called
relation.

The most intuitive way to describe the relationship is
to represent in the form of ordered pair.

Definition :
Let A and B be two sets. A binary relation from A
to B is a subset of A x B.

Note: If A, B and C are three sets, then a subset of
AXBXC is known as ternary relation. Continuing this way
a subset of A xA,X... XA, Is known as n — ary relation.




Let A and B be two sets. Suppose R 1s a relation from A to
B (i.e. R 1s a subset of A x B). Then, R 1s a set of ordered
pairs where each first element comes from A and each
second element from B.

Thus, we denote 1t with an ordered pair (a, b), where a
€ Aand b € B.

ie.,R={(a,b)/ a € A and b € B}

We also denote the relationship with a R b, which 1s read
as “a related to b”.



Consider the following example :
A={Mohan, Charles, David, Ravi}
B={Kavitha, Marry, Chithra}

Suppose Kavitha has two brothers Mohan and
Charles, Marry has one brother David, and Chitra has

one brother Ravi.

If we define a relation R " 1s a brother of" between the
elements of A and B then clearly.
Mohan R Kavitha, Charles R Kavitha, David R Marry,
Ravi R Chitra.
After omitting R between two names these can be
written in the form of ordered pairs as :

(Mohan, Kavitha), (Charles, Kavitha), (David, Marry),
(Ravi, Chitra).



The above information can also be written in the form
of a set R of ordered pairs as

R={(Mohan, Kavitha), (Charles, Kavitha), (David,
Marry), (Ravi, Chitra)}

Clearly RS AxB, 1.e.R={(a,b)/acA and beB }
Domain and Range of a Relation

If R 1s a relation between two sets then the set of its
first elements (components) of all the ordered pairs
of R 1s called Domain and set of 2nd elements of all
the ordered pairs of R is called range, of the given
relation.

Consider previous example given above.
Domain = {Mohan, Charles, David, Ravi}
Range = {Kavitha, Marry, Chitra}



PROPERTIES OF RELATION IN A SET

o reflexive

o symmetric

o transitive
oirreflexive

o antl symmetric

o asymmetric

o equivalence relation




Definition:

A binary relation R in a set X is reflexive if x R x, for
every x € X

That 1s (x, x) € R
Example:

If R,=1{(1, 1), (1, 2), (2, 2), (2, 3), (3, 3)} be a relation
on A = {1, 2, 3}, then R, 1s a reflexive relation, since for
every X € A, (%, x) € R;.




Definition:

A relation R 1in a set X 1s symmetricif xRy, theny
R x for every x and y in X.

Example:

If R3 — {(19 ]-)a (19 2)9 (]-a S)a (2, 2)9 (29 1)7 (37 1)} be a
relation on A = {1, 2, 3}, then R; is a symmetric relation.




Definition

A relation R in a set X i1s transitive if, for every x,
y, and z are in X, whenever x Ryand y R z, then x R

z. That 1s (x,z)eR.
Example:

Let A ={a, b, ¢, d} and R be defined as follows: R =
i@, b), (d, b), (b, d), (a, d), (b, ¢), (d, ¢)j. Here R 1s

transitive relation on A.




Definition

A relation R in a set X is irreflexive if, for every x € X
, (%, X)€X.

Example:

Let A be a set of positive integers and R be a relation
on 1t defined as, a R b if “a 1s less than b”. Then, R 1s an
1rreflexive relation, as a 1s not less than itself for any
positive Integer a.



Definition

A relation R in a set x 1s anti symmetric if , for
every X and y in X, whenever x R y and y R x,
then x =y.

Example:

The relation “less than or equal to (<)”, 1s an anti-
symmetric relation.

Let A ={1, 2, 3, 4} and R be defined as: R = {(1, 1), (2,
2), (3, 3), (4, 4)}. Here R 1s antisymmetric relation.



asymmetric relation

Definition:

Let R be a relation defined from a set A to itself. For a,
b €A, if a R b, then b ,R" a , then R 1s said to be asymmetric
relation.

Example:

Let A={a, b, ¢, d} and R be defined as: R ={(a, b), (b,
c), (b, d), (c, d), (d, a)}. Here R 1s asymmetric relation.




egulivalence relation

Definition:

Let R be a relation defined from a set A to itself. If R is
reflexive, symmetric and transitive, then R 1s called as
equivalence relation.

Example:

Consider the set L of lines in the Euclidean plane. Two
lines in the plane are said to be related, if they are parallel
to each other. This relation is an equivalence relation.



Relation Matrix and the Graph of a relation

Relation Matrix: A relation R from a finite set X to a
finite set Y can be represented by a matrix 1s called
the relation matrix of R.

Let X = {x;, Xo, ..., X,} and Y = {yq, Vo, ..., ¥, be finite
sets containing m and n elements, respectively, and R
be the relation from A to B. Then R can be
represented by an m X n matrix Mg = [r; ], which 1s
defined as follows:




Example:

Let A={1, 2, 3, 4} and B = {b,, b,, bs}. Consider the relation

R = {1, by), (1, by), (3, by), (4, by), (4, by)}. Determine the
matrix of the relation.

Solution:
A={1,2, 3, 4}, B={b,, by, b}.

Relation R — {(]—9 b2)9 (]-9 b3)9 (39 bZ)a (4a bl)a (4a b3)}
Matrix of the relation R 1s written as

That 1s My =
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Graph of a Relation:

A relation can also be represented pictorially by
drawing its graph.
Let R be a relation in a set X = {x;, X,, ..., X,}. The

elements of X are represented by points or circles
called nodes.

These nodes are called vertices. If (x;, x; ) € R, then
we connect the nodes x1 and xj by means of an arc
and put an arrow on the arc in the direction from xi
to x; . This 1s called an edge.

If all the nodes corresponding to the ordered pairs in
R are connected by arcs with proper arrows, then we
get a graph of the relation R.



Example:

Let X =1{1, 2, 3, 4} and R={(x, y)| x > y}. Draw the graph of
R and also give its matrix.

Solution:
R=1{(4,1), (4 3), (4, 2), (3, 1), (3, 2), (2, 1.
The graph of R and the matrix of R are

1 2
3 4
Graph of R
‘0 0 0 0
1 0 O 0
A = '
1 1 O 0 |
L1 1 1 o)




Definition:

A relation R in S is said to be a compatibility relation if it
1s reflexive and symmetric.

Clearly, all equivalence relations are compatibility
relations.

A compatibility relation is sometimes denoted by ~.

Example: Let X = {ball, bed, dog, let, egg}, and let the
relation R be given by R={(x,y)| x,y€E X AxRyifxandy
contain some common letter}.

Then R 1s a compatibility relation, and x, y are called
compatible if xRy.

Note: ball=bed, bed~egg. But ball#egg. Thus = 1s not
transitive.



Composition of binary relations

Let R be a relation from X to Y and S be a relation
from Y to Z. Then the relation R o S 1s given by

RoS={x2z)/x€XANzeZ ANyeYsuchthat (x,y) €ER
A (v, z) €S)} 1s called the composite relation of R and S.

The operation of obtaining R o S 1s called the
composition of relations.

Examplel: Let R ={(1, 2), (3, 4), (2, 2)} and
S =14, 2), (2,5), (3, 1),(1,3)} Then
RoS={1,5), (3, 2), (2, 5)} and
SoR={4, 2), (3, 2), (1, 4)}
It 1s to be noted that Ro S #S o R.
Also Ro(SoT) =(RoS)oT=RoSoT




Example2: Let R = {(1, 2), (3, 4), (2, 2)} and S = {(4, 2),
(2, 5), (3,1), (1, 3).. Find R°S, SR, Ro (S°R), R S)
R,R°R,S<S,and R°R)-R.

Solution:
Given R ={(1, 2), (3, 4), (2, 2)} and S ={(4, 2), (2, 5), (3, 1),
(1, 3)}.

Re5={(1,5), (3, 2), (2, 5)}

ScR={4, 2), (3, 2), (1,4} #R - S

(R °5) o R ={(3, 2)

Re(S°R)=1{3,2)=R°5) R

R R ={(, 2), (2, 2);

R.R->S={(4,5), (3, 3), (1, 1)}




A function 1s a special case of relation.

Definition: Let X and Y be any two sets. A relation f
from X to Y 1s called a function if for every x € X, there 1s
a unique element y € Y such that (x,y) € f.

Example: Let X ={1, 2, 3}, Y = {p, q, r} and f = {(1, p), (2,
qQ), (3, r)} then f(1) = p, f(2) = q, f(3) = r. Clearly f 1s a
function from X to Y .




Domain and Range of a Function: If f: X —- Y i1s a
function, then X is called the Domain of f and the set Y
1s called the codomain of f.

The range of f is defined as the set of all images under
f. It 1s denoted by f(X) = {y| for some x in X, {(x) = y}
and 1s called the 1image of X in Y . The Range f is also
denoted by R, .

Example: If the function f 1s defined by f(x)=x? + 1 on
the set {—2, -1, 0, 1, 2}, find the range of f.

Solution: f(-2) = (<2)2+ 1 =5 f(-1) = (-1)2+ 1 =2

fO)=0+1=1
f1)=1+1=2
f(2)=4+1=5

Therefore, the range of f = {1, 2, 5}.



Types of Functions

One-to-one(Injective): A mapping f : X — Y 1is called
one-to-one 1f distinct elements of X are mapped i1nto
distinct elements of Y,

1.e., f 1s one-to-one if x1 #x2 = f(x1) # f(x2) or equivalently
f(x1) = f(x2) = x1 = x2 for x1, x2 € X.



Cont......

Onto(Surjective): A mapping f : X — Y 1s called onto
if the range set R;=Y .

If f: X — Y 1s onto, then each element of Y 1s f-image
of atleast one element of X.

lLe,{f(x):xeX} =Y.

If f 1s not onto, then it 1s said to be into.

B2

Surjective Mot Surjective



Cont......

Bijection or One-to0-One, Onto:

A mapping f : X — Y 1s called one-to-one, onto or
bijective 1if it 1s both one-to-one and onto. Such a

mapping 1s also called a one-to-one correspondence
between X and Y .




Identity function:

Let X be any set and f be a function such that f: X
— X 1s defined by f(x) = x for all x € X. Then, f 1s called
the 1dentity function or identity transformation on X. It
can be denoted by I or Ix.

Inverse Functions:

A function f : X — Y 1s aid to be invertible of its
inverse function f—1 1s also function from the range of f
into X.

Note: A function f : X — Y 1s invertible © f 1s one-to-
one and onto.




Constant Functions:

A mapping f: R— b i1s called a constant mapping if,
for all a€A, f (a) = b, a fixed element.

For example {: Z—Z7 given by f(x) = 0, for all x €Z 1s a
constant mapping.

Composition of Functions:

Letf: X —>Yand g:Y — Z be two functions. Then the
composition of f and g denoted by g ° {, is the function
from X to Z defined as (g ° f)(x) = g(f(x)), for all x € X.

Example 1: Let X = {1, 2, 3}, Y = {p, q} and Z = {a, b}.
Alsoletf: X > Ybef={1,p), 2,9, 3, gtandg:Y —
Z be given by g = {(p, b), (q, b)}. Find g o {.

Solution:
gotf=1{(1,D), (2,Db), (3, b).




Example2: Let X = {1, 2, 3} and {, g, h and s be the
functions from X to X given by f ={(1, 2), (2, 3), 3, 1)} g

=11, 2),(2,1),(3,3)th =41, 1), (2, 2), (3, 1)}
s=1{1,1), (2, 2), 3, 3)} Findfof;gof,fohog;gsog; go
s;sos;and fes.

Solution:
fog=1{1,3),(2,2), 3, 1)
gof={(1,1),(2,3),3,2)}#feg
f2’)°}h cg=teo(heog)=1°{(1,2),(2 1), 3 D=1{Q1, 3), (2, 2), (3,
seg=1{(1,2),(2,1),3,3))=g
ges=1{1,2),2,1),3,3); ~scg=ges=g
ses={(1,1),(2,2),(3,3)}=s
fos=1{q1,2),(2,3), (3, 1)} Thus,secs=s,fog#gof,
scg=gog=gandhos=goh=h.




Example3: Let f(x) =x + 2, g(x) = x — 2 and h(x)
= 3x for x € R, where R 1s the set of real
numbers. Find gof;fog;fof;gog;foh;hog;ho
fandfohog.
Solution: f: R - Ris defined by f(x) =x+2f: R —
R 1s defined by g(x) =x— 2 h : R — R 1s defined by
h(x) = 3x
gof:R — R Let x € R. Thus, we can write (g ° {)(x)
—g(f(x) =gx+2)=x+2-2=x
(g D) ={x,x)| x € R}
(fegx) =1(gx) =tx-2)=x-2)+2=x
~fog={x,x)| x€R}
fex =) =fx+2)=x+2+2=x+4
sfof={x,x+4)| x€R}




(g°g)(x) =ggx)=gx-2)=x—-2-2=x—-4
>gog={x,x—4)| x€R}

(f o h)(x) = f(h(x)) = {(3x) = 3x + 2

~foh={x, 3x+2)| x€R}

(heg)(x) =h(g(x)) =hx—-2)=3x—-2)=3x—-6
~heog={x,3x—6)| x€ R}
(hef)x)=h(fx))=h(x+2)=3(x+2)=3x+6
~hof={x,3x+6)| x€R}
(feheog)x)=[fe(heg)]x) f(hegx)=1(3x—-6)=3x—-6+
2=3x—4

~fohog={x,3x—4)| x € R}.



Thank You



